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Abstract 
The proposal of this work is analysis the energy density of both solutions of nonlinear Schrödinger equation (NLS), spatial and
temporal solutions and show that in some cases the correspondent energy for that solutions is proportional to the square of the
solutions. This analysis can be strongly applied to the optical fiber sensors. We also present a method to obtain the solution of the 
generalized NLS based on the real part of the Lagrangian of the system. The method for calculating the power of optical solitons
can be employed in the development of optical sensors and in the development of optical fiber sensors sensitive to nonlinear 
optical effects, and monitoring of non-linear optical scattering along the optical fiber. 
© 2014 The Authors. Published by Elsevier B.V. 
Selection and blind-review under responsibility of the Bayerisches Laserzentrum GmbH. 
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1. Introduction  
In the context of nonlinear optics, solitons are classified as being either temporal or spatial, depending on whether 
the confinement of light occurs in time or space during wave propagation. Temporal solitons represent optical pulses 
that maintain their shape, whereas spatial solitons represent self-guided beams that remain confined in the transverse 
directions orthogonal to the direction of propagation. Both types of solitons evolve from a nonlinear change in the 
refractive index of an optical material induced by the light intensity - phenomenon known as the optical Kerr effect 
in the field of nonlinear optics [1] [2]. The earliest example of a spatial solitons corresponds to the 1964 discovery of 
the nonlinear phenomenon of self-trapping of continuous-wave (CW) optical beams in a bulk nonlinear medium. 
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During the 1980s, stable spatial solitons were observed using nonlinear media in which diffraction spreading was 
limited to only one transverse dimension. Now, the earliest example of a temporal soliton is related to the discovery 
of the non-linear phenomenon of self-induced transparency in a ressonant nonlinear medium. In this case, an optical 
pulse of a specific shape and energy propagates through the nonlinear medium unchanged in spite of large 
absorption losses. 
2. A brief review of NLS equation 
The main equation governing the evolution of optical fields in a nonlinear medium is known as the nonlinear 
Schrödinger (NLS) equation [3]. In this section we outline the derivation of the NLS equation for a CW beam 
propagating inside a nonlinear optical medium with Kerr (or cubic) nonlinearity. 
The Maxwell equations can be used to obtain the following wave equation for the electric field associated with an 
optical wave propagating on such a medium [3] 
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where c is the speed of light in vacuum and H0 is the vacuum permittivity. The induced polarization  P
&
consists of two parts such that 
),(),(),( trPtrPtrP NLL    (2) 
where the linear part LP and the nonlinear part NLP  are related to the electric field by the general relations [4]  
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and
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where 31 and FF  are the first and third order susceptibility tensors. These relations are valid in the electric-dipole 
approximation under assumption that the medium response is local (classical electrodynamics). They also neglect the 
second-order nonlinear effects, assuming that the medium has an  inversion symmetry.  
3. Nonlinear Schrödinger Equation 
The intensity dependence of the refractive index affects considerably the propagation of electromagnetic waves. 
In the context of spatial solitons, we can simplify the following analysis by focusing on the case of a CW beam. A 
general solution of equation (1) can still be written in the form 
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with ZierAtrE 0)(),( E  where 
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nk {  is the propagation constant in terms of the optical wavelength 
0
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Z
SO c . The beam is assumed to propagate along the Z axis and diffract (or self-focus) along the two transverse 
directions X and Y where X, Y, and Z are the spatial coordinates associated with r. The function A(X,Y,Z) describes 
the evolution of the beam envelope; it would be a constant in the absence of nonlinear and diffractive effects. When 
the nonlinear and diffractive effects are included and the envelope A is assumed to vary with z on a scale much 
longer than the wavelength O so that the second derivative 
2
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 can be neglected, the beam envelope is found to 
satisfy the following nonlinear parabolic equation:  
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In the absence of the nonlinear effects, this equation reduces to the paraxial equation that can be founded in the 
context of scalar diffraction theory [5]. Introducing the scaled dimensionless variables as 
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where Z0 is a transverse scaling parameter related to the input beam width and 20 0ZE dL   is the diffraction 
length (also called Rayleigh range). In terms of these dimensionless variables, equation (6) takes the form of a 
standard  
 (2 + 1) dimensional NLS equation  
0||
2
1 2
2
2
2
2
 r¸
¸
¹
·
¨
¨
©
§
w
w
w
w
w
w
uu
y
u
x
u
z
u
i   (7) 
where the choice of the sign depends on the sign of the nonlinear parameter n2.
4. Solution NLS 
Consider the NLS equation written in the form 
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We can consider the y independent form of the equation  (8) 
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So we can choose a solution of kind )(),( xezxu ikzI   and using that  
dx
dII  ´ we have 
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Multiplying the equation (10) by ´I and integrating once, we have  
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Then we can  write 
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to get finally 
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Many solutions can be found by this method, including fundamental solutions in photonics, as will be presented 
in the next section. We emphasize that these results are a consequence of the behavior of the solitonic optical pulse  
in one dimension.  
The dimensionality of the optical field seems to have profound implications and properties in optical systems. 
One of these implications is that the energy density of the system is equal to 2 times the optical potential U(I), which 
ultimately is closely related to the nonlinear part of the generalized NLS. 
5. The Variational Principle for Optical Systems 
The optical systems that can be described by the variational method is a particular case of the general Whitham 
modulation theory [6]. The basic idea consists of casting the NLS equation in terms of a Lagrangian density and 
introducing the action S as 
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The limits on z variable refers to its periodicity. As an example, we can consider a bright soliton by choosing 
1 dV  in equation (8). The Lagrangian density for this NLS equation is found to be 
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where the subscripts denote the partial derivative with respect to the their coordinates. So we can have optical 
systems whose NLS equation or motion equation can be obtained of variational action principle 
  .0 ³ ³ LdxdtG                        (16) 
A generalized NLS equation can be obtained from equation (9) with replacing the nonlinear term uu 2||   by 
uuF )|(| 2  and takes the form 
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where the functional form of uuF )|(| 2  is related to the nonlinear part of the refractive index that depends on the 
beam intensity I = |E|2.
4.1. Properties of  solutions  of  NLS equations 
We'll consider the (2+1)-dimensional NLS equation given in equation (8). Introducing u2 \  we write that 
equation in the form  
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Then we can applied the procedure made in the previous section to write the solution of equation (18) as 
,)(sec),( ikzeaxhaxzu                                                                                                    (19) 
that is  the general solution of a spacial soliton. 
Its interesting to note that in the equation (19) for .0),(,|| orfo xzux
 In another way we can search by a solution where the conditions and procedures above are not necessary required. 
For example consider a optical system that the NLS can be obtained by variational principle and be write as 
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in which case we can use a kind solution 
)(),( xezxu ikzI   (21) 
so that we can consider the real part of Lagrangian of the system as 
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in such way that the total energy of system can be written as 
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More generally, we have developed a method in which the solution of equation (20) can be obtained from an 
equation of motion obtained from the real part of the Lagrangian of the optical system given by equation (22).  
So using the method presented in section 4 we can obtain the solution of equation (20). 
Using the equation (12) the density energy of the nonlinear optical pulse can be obtained as being 
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The energy density of the optical pulse, shows that the potential U(I) is correlated with optical solitons solutions, 
as shown in equation (24). In reality the actual power density of the solitonic optical system is related to the optical 
potential. In fact, the energy density of the optical system is two times the optical potential. The solitonic optical 
system can be represented by a type of Lagrangian given by equation (22) that describes, in fact, the interaction of 
the optical pulse with the conductive medium of the optical sensor. The optical potential term is responsible for this 
interaction, diffracting  the optical pulse I to – 1 to 1 points as shown in the  Figure 1 (a) for a specific optical 
potential
22 )1()(  IIU   (25) 
resulting in the optical pulse given by the solitonic solution  
ikzikz exxezxu  r  )tanh()(),( I   (26) 
as shown in Figure 1 (b). 
The Figure 2 shows the profile of solitonic solution through the direction of propagation of the optical beam 
waveguide.  
The fiber optic sensors can use these solutions to model and treat nonlinear effects. These nonlinear optical 
effects have many important features in the propagation of optical solitons through the waveguide. In reality these 
effects are derived from the interaction of the optical pulse with the medium are responsible for the formation of 
optical soliton. As the optical pulse propagates through the waveguide interacts with the guide means of the 
constituent generating the non-linear effect that feeds the optical beam propagation. This process is continuous along 
the waveguide. 
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Fig. 1.(a)  Optical Potential (b) Optical Field. 
Fig. 2. Optical Soliton solution profile in the waveguide. 
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6. Conclusions 
The propagation of nonlinear optical pulses involves characteristics interactions between the light and its medium 
of propagation. Its important argue that theses nonlinear pulses both spatial and temporal solitons, that essentially are 
special solutions of Maxwell equations, represent a possible propagation of light without deformation. That is, the 
light propagates itself without changing in its shape and its profile follows unchanging. But what we can say more 
about the propagation of these specials nonlinear optical pulses? We analysis a solution that can inform about the 
direction of propagation of the light. In a situation that there is what we called of self de-focusing, or in mathematics 
language, the minus signal on the nonlinear part get a solution of so called NLS, we have a solution that have a 
asymmetric on the beam profile. This can be relevant specially if we consider that this nonlinear optical pulse can 
transport information. We have been analyzed the energy of the specific optical systems. For these systems that 
specifically we can obtain the NLS from a certain Lagrangian we can calculate the energy density and relate it with 
the functional uuF )|(| 2 . The Euler-Lagrange equation shows that the real part of Lagrangian behaves itself of usual 
way for a choice of solution what get possible a certain and simple energy analysis of nonlinear optical system. We 
found that the real part of the Lagrangian of  the optical system can give an appropriate solution to the generalized 
NLS.
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